We consider the toroidally compactified planar AdS-Schwarzschild solution to 4-dimensional gravity with negative cosmological constant. This has a flat torus conformal boundary metric. We show that if the spatial part of the boundary metric is deformed, keeping it static and the temperature and area fixed, then assuming a static bulk solution exists, its energy is less than that of the AdS-Schwarzschild solution. The proof is nonperturbative in the metric deformation. While we expect the same holds for the free energy for black hole solutions we are so far are not able to prove it. In the context of AdS-CFT this implies a 3-dimensional holographic CFT on a flat spatial torus whose bulk dual is AdS-Schwarzschild has a greater energy than if the spatial geometry is deformed in any way that preserves temperature and area. This work was inspired by previous results in free field theory, where scalars and fermions in 3-dimensions have been shown to energetically disfavour flat space.
I. INTRODUCTION
Classical matter provides a familiar energetic measure on spatial geometries. For example, given a tension and bending energy for a membrane, one may ask natural questions such as, at fixed area what geometry is energetically preferred by the membrane? The quantum analog of this has recently been studied [1] . For a field theory at finite temperature defined on an ultrastatic but curved spacetime, ds 2 = −dt 2 + dΣ 2 , for a Riemannian manifold Σ with metric dΣ 2 =ḡ ij (x)dx i dx j , the energy and free energy in thermal equilibrium are functionals of this spatial geometry. Again it is natural to ask what geometries are energetically preferred. We restrict discussion to the case of 3 spacetime dimensions. Since energy is extensive, we should fix some extensive property of the geometry in making such comparisons, and as in the classical example we choose to compare energies at fixed area. More precisely we consider a one parameter family of 2-dimensional spatial geometries Σ( ), with metricsḡ ij (x; ), which preserve area A( ) = Σ dx ḡ( ), and consider how the free energy F ( ) and energy E( ) vary with the parameter at fixed temperature, T . Here the free energy is defined from the equilibrium partition function as F (T, ) = −T ln Z(T, ), and as
usual the energy may be computed from this as E(T, ) = F (T, ) − T ∂ T F (T, ).
We suppose = 0 is a natural reference geometry to compare energy to -for example, a homogeneous space such as a round sphere or flat torus. Then we consider the free energy difference ∆F ( ) = F ( ) − F (0) as the space is deformed such that A( ) = A(0), and likewise the energy difference ∆E( ). Apart from being a natural quantity to fix when comparing energies, preserving area has two additional features [1, 2] ; 1. Usually the energetics of field theories have renormalisation ambiguities, and hence depend on the UV details of the theory. However for the ultrastatic 3-dimensional case, working at fixed temperature and area and ensuring the only deformation to the theory that is inhomogeneous is due to the spatial metric, then provided the theory has a diffeomorphism invariant regulator in fact these energy differences are independent of such ambiguities. We note that does not hold in higher dimensions.
2. It implies that for a space which is homogeneous (eg. a sphere or torus), for small perturbations of the metric the variation of the free energy is quadratic in the perturbation (rather than linear) and hence may have definite sign.
One may also consider the infinite volume case, such as for deformations of flat space. Then while the area and (free) energy are divergent, for deformations of the spatial geometry with sufficiently quick fall off, the difference in free energy ∆F from flat space will be finite. The analog of keeping the area fixed is then that the variation of the area functional with respect to vanishes. In [1] it was shown that the variation of the free energy, ∆F ( ), of 3-dimensional relativistic free scalar and fermion fields as a functional of such a perturbation to flat space is always negative to leading quadratic order. This is true for any such temperature and area preserving deformation, for any mass of the fields, and also for any marginal scalar curvature coupling in the scalar field case. It was shown [2] to be negative for 3-dimensional holographic CFTs to quadratic order in the perturbation.
As we show later, in fact ∆E( ) is also negative at quadratic order for these theories. Thus these free fields and holographic CFTs in 2 + 1-dimensions appear to energetically disfavour flat space at leading order in perturbations of it. Since 3-dimensional free Dirac fermions naturally arise in 2-d crystalline materials, such as monolayer graphene [3] [4] [5] [6] , this energetic decrease for perturbations of flat space may have relevance for the dynamics of these materials, and possibly be related to their tendency to ripple [1] . We are then led to the next natural question;
• What are the global properties of this energetic measure on geometry?
Is the energy or free energy always bounded above by that for flat space for these theories? Or is it only negative for perturbative deformations of flat space, and for large deformations the energy rises above the flat space value? While in the field theory context, even in free field theory, this question appears to be analytically intractable for general deformations, 1 we shall see that for 3-dimensional holographic CFTs then AdS-CFT will allow us to answer this question, at least in the case of energy.
We now focus on the finite temperature and volume case, where our reference geometry is a flat torus. Then AdS-CFT [8] [9] [10] rephrases the question in terms of the energetics of asymptotically locally AdS gravitational solutions. The behaviour of a 3-dimensional holographic CFT with large
, where is the AdS length and G the 4-dimensional bulk Newton constant, is given by solutions of a dual bulk gravitational theory. When the CFT is on a flat spacetime a bulk dual solution is planar AdS-Schwarzschild. Taking the spatial geometry to be a flat torus, Σ(0), we toroidally compactify this solution to give what we henceforth call toroidal AdSSchwarzschild. Depending on whether there are bulk fermion fields, and what boundary conditions they have about the toroidal cycles, another possible bulk solution is the AdS-soliton [11] . Except for the final discussion, we will assume that there are bulk fermion fields and take periodic boundary 1 One may hope to address it analytically for specific deformations of homogeneous spaces preserving sufficient symmetry, for example [7] .
conditions for them so that this solution is not allowed. Then we expect the bulk dual for thermal equilibrium is toroidal AdS-Schwarzschild. 2 We deform the CFT metric to ds 2 = −dt 2 + dΣ 2 ( ) preserving temperature and area. Provided no other sources are turned on we expect that, at least for reasonably large deformations, static bulk solutions continue to exist within the 'universal sector' (see for example [15] ), so are solutions to pure gravity with a negative cosmological constant. 3 Then the CFT question is translated to the gravitational question;
• Is the (free) energy of a 4-dimensional static solution of gravity plus negative cosmological constant with conformal boundary metric ds 2 = −dt 2 + dΣ 2 ( ) less than that of toroidal AdS-Schwarzschild at the same temperature and boundary area?
The energy and free energy here are determined from the renormalised on-shell action, or equivalently from the renormalised boundary stress tensor [17, 18] and the entropy of any horizons.
Just as in the quantum field theory discussion above, for a 3-dimensional boundary the quantities ∆F ( ) and ∆E( ) are independent of renormalisation ambiguities used to define the on-shell action.
However, as for the quantum field theory discussion, in higher dimensions this is no longer the case.
It is precisely for small perturbations of flat space that the above question was answered in [2] in the affirmative. However here we are interested in the non-perturbative question, assuming a bulk solution with the prescribed conformal boundary metric exists. We are currently not able to prove such a statement in the affirmative for the free energy, but interestingly can prove it for the energy. The result we find may be viewed as a 'finite temperature' version of a previous result that shows deformations of 4-dimensional planar AdS [19] that are Einstein, and deform the boundary spatial metric away from being the flat torus, decrease the energy.
We can also prove the answer is yes for certain 'generalised energies', defined in terms of energy, temperature and entropy, S, as F k = E − kT S, where our proof works for 0 ≤ k ≤ 2 5 (but not up to the case of free energy k = 1). Energy, or such a generalisation, is obviously not the natural quantity to consider at finite temperature, and we might expect a proof could be made also in the free energy case too, although as we discuss later there would have to be some additional requirement that a bulk horizon exists, and perhaps a restriction on its topology too. 2 We do not know of a proof that the bulk spacetime must be toroidal AdS-Schwarzschild under the condition on fermions described here. The most general static exact solutions whose constant radius sections are flat are the planar AdS Kasner family [12, 13] (with the radial direction playing the role of the usual 'Kasner time') which includes AdS-Schwarzschild and the AdS-soliton as its only smooth members. However these are not the only solutions. For example, in the case that fermion boundary conditions do admit the soliton, we expect other solutions exist, such as the 'plasma-ball' black hole and its generalisations [14] . 3 In the global AdS context there are claims such bulk solutions do exist for arbitrary deformations of the boundary metric [16] that have positive scalar curvature. We do not know of a proof in the toroidal context where deformations necessarily result in scalar curvatures that are not everywhere positive.
We begin the paper in Section II with a brief review of the 3-dimensional free field and holographic CFT results, and show they not only imply the leading free energy variation is negative, but also the energy is too. In Section III we collect some useful results and briefly review the argument in [19] that at zero temperature solutions of the bulk Einstein equations with conformal boundary that is a deformation of a flat toroidal boundary space lead to negative energy. Then we give our argument that at finite temperature, a bulk solution whose conformal boundary spatial geometry is a deformed torus, has lower energy than that of the toroidal AdS-Schwarzschild solution with the same temperature and boundary area. We end the paper with a brief summary and discussion.
II. PREVIOUS PERTURBATIVE RESULTS
Consider a relativistic (2 + 1)-dimensional QFT on a product of time with the Riemannian 2-spaces Σ( ), taking these all to have the same area. We compute the free energy F = F (T, ) at temperature T = 1/β from the partition function, and its variation is given by,
where
δḡ ij are the spatial components of the stress tensor one-point function in the thermal vacuum. This expression derives directly from the path integral and can be thought of as a generalisation of 'δF = p δV '. For a 3-dimensional theory with diffeomorphism invariant UV regulator, which is only deformed by the metric (ie. all other couplings are constant) we renormalise the UV behaviour of this one-point function with cosmological and Einstein-Hilbert counterterms in the action. However the former does not contribute to the variation above since the family Σ( ) preserves area, and the latter does not, as for our ultrastatic metric the 3-dimensional EinsteinHilbert term becomes a two dimensional one, which is topological [1, 2] . Hence the variation ∆F ( ) = F ( ) − F (0) is insensitive to the finite part of the coefficients of these counterterms, and is therefore independent of renormalisation ambiguities.
Consider a one parameter family such that Σ(0) is Euclidean flat space, withḡ ij (x; 0) = δ ij .
Then since the space is two dimensional we may write a general perturbation of flat space in conformally flat coordinates, so,ḡ
and area preservation in this infinite volume case implies the area functional does not vary with so that in particular, d 2 xf (x) = 0. Fourier decomposing the function f as,
then provided that the only inhomogeneous deformation of the theory is due to the spatial geometry then the leading variation of the free energy will be quadratic inf (k i ) taking the form [2] ,
for a function a(T, k) depending only on temperature and the magnitude of the wavevector, k = |k i |.
For a free scalar field, mass m and scalar curvature coupling ξ, and a Dirac fermion with mass m, explicit computation yields [1] ;
where we take q = − 1 2 in the scalar (s) case and q = +1 in the fermion (f) case. Defining
and where,
In both cases we see explicitly that a(T, k) is positive since both
This results in a negative quadratic free energy variation. Likewise in [2] the function a(T, k) was determined for a 3-dimensional holographic CFT. Perturbations of the dual AdS-Schwarzschild solution that deform the boundary space, and the resulting response of the stress tensor one-point function (the 'geometric polarization' [20] ) were computed, and from these a(T, k) was extracted.
This was again found to be positive (and strikingly similar in form to that of the free Dirac fermion CFT).
Of relevance for the results in this paper, instead of considering the variation of free energy we may consider the variation of energy ∆E( ). Then using ∆E = ∆F − T ∂ T ∆F | , we have,
and one can quickly see that in the free scalar and fermion cases b(T, k) ≥ 0 over the domain of interest. In the holographic case, using the numerical solution of a(T, k) we may compute b(T, k) which is shown in figure 1 and is indeed again positive. Thus in these theories flat space is energetically disfavoured perturbatively for both the free energy, and the energy. While the holographic case was discussed in [2] in the infinite volume setting, by restricting to suitably periodic deformations of the metric one can toroidally compactify and obtain the same result (again assuming fermion boundary conditions so that the dual to the flat torus is AdSSchwarzschild rather than the soliton). Thus we learn that in the holographic case, at fixed temperature, for arbitrary perturbations of the boundary flat torus leaving its area fixed, both ∆F and ∆E vary quadratically in the amplitude of the perturbation in the negative direction as the bulk dual is perturbed away from AdS-Schwarzschild. The purpose of the remainder of the paper is to
show that the flat torus is energetically disfavoured non-linearly in the perturbation.
III. BLACK HOLE BOUND
Consider a static 4-dimensional solution to pure gravity with a negative cosmological constant,
AB . We may write the spacetime metric in terms of the Riemannian optical geometry M (see for example [19] ), with optical metric dM 2 = g ab (x)dx a dx b as,
We may decompose the Einstein equations over M as,
where R ab is the Ricci tensor of the optical metric, and all expressions are written covariantly with respect to M. The AdS length scale is scaled out of these equations, which differ from those without negative cosmological constant only in the presence of the term on the righthand side of the first equation. We will be interested in the optical Ricci scalar, R, which obeys R = 6 Z 2 1 − (∂Z) 2 . We now consider solutions with a toroidal topology spatial conformal boundary metric. We require these solutions to be smooth, and we allow the spacetime to end on a Killing horizon with a finite number of components, N , all with the same Hawking temperature T , or to have no horizon (although we expect this is disallowed by the fermion boundary conditions). This implies M has a boundary, ∂M ∞ , associated to the spacetime conformal boundary and also may have asymptotic ends ∂M H k for each of the N Killing horizon components, H k , so k = 1, 2, . . . , N , but has no other boundaries or asymptotic regions. Then we may write,
For small deformations of the boundary torus away from being flat, we expect solutions to exist that are small deformations of AdS-Schwarzschild, and these will have a single toroidal horizon. We do not know if solutions exist with a different number of horizon components to AdS-Schwarzschild.
There are examples for fermion boundary conditions that allow for the AdS-soliton. Then the soliton itself has no horizon, and one may imagine exotic solutions with multiple horizon components, constructed by taking toroidally compactified 'plasmaball' solutions [14, 21] , so an AdS-soliton with one or more 'small' black holes contained within it. However these examples and their generalisation to non-flat boundary tori are presumably not allowed due to our fermion boundary conditions.
A. Asymptotic and horizon behaviours
The spacetime conformal boundary is at Z(x) = 0 and from the perspective of the optical geometry it results in an actual boundary ∂M ∞ of M. We wish the spacetime conformal boundary to have conformal class given by ds 2 = −dt 2 + dΣ( ) 2 , and we may think of this as a 'Dirichlet' boundary condition for the bulk equations. Choosing the natural conformal frame defined by Z, where we take boundary time to be the extension of the bulk time, then the metric induced from dM 2 = g ab (x)dx a dx b on the boundary ∂M ∞ is then that of Σ( ). In this conformal frame, computing the time-time component of the renormalised boundary stress tensor will yield the energy density ρ(x i ) of the spacetime defined relative to the bulk Killing vector field ∂/∂t. Explicitly near this boundary the geometry has a Fefferman-Graham expansion, where taking x a = (z, x i ) one finds in the usual holographic renormalisation prescription [22, 23] 
so that the conformal boundary in the frame defined by z is,
as required, andR is the Ricci scalar of the metricḡ ij . We may compute that Z and the optical Ricci scalar have expansions [19] ,
The total energy E of the spacetime is given by integrating the energy density ρ over the boundary metric Σ( ), and we will also be interested in the boundary area A(Σ) and Euler characteristic;
Now consider a Killing horizon component, H k , with non-zero surface gravity κ. This results in an asymptotic end, ∂M H k , in the optical geometry. As we are considering thermal equilibrium, all such components will have the same surface gravity, which is determined by the temperature as
. We may write the metric using a normal coordinate r and horizon coordinates y i , so that the horizon is at r = 0 and then near it the metric behaves as,
with h ij the horizon metric. This behaviour yields [19] ,
with R (h) the Ricci scalar of the horizon metric h ij . As usual the entropy of this horizon component is given by
For Poincare (or planar) AdS the optical geometry is flat space, dM 2 = δ ij dx i dx j + dz 2 , so that the optical Ricci scalar vanishes, R = 0, and Z = z is linear in the natural radial coordinate. This solution ends at an extremal horizon as z → ∞. At finite temperature this solution becomes planar AdS-Schwarzschild,
which has a non-extremal horizon at z = z 0 . Then the energy density and surface gravity are,
and for this solution Z and the optical Ricci scalar, R, go as,
and this defines a relation R = R(Z) (which is invertible over the domain of interest, Z ≥ 0) between these two scalar quantities of the optical geometry for this solution which will be important in what follows.
We wish to focus here on solutions with finite boundary area, and take the boundary geometry to be a deformation of the flat torus. For both the AdS and AdS-Schwarzschild solutions we see the boundary metric is flat space, ds 2 = −dt 2 + dx i dx i and is compactified to a torus by taking x i ∼ x i +L. The same identification acts on the bulk spacetime, and for the finite temperature case gives toroidal AdS-Schwarzschild with a Killing horizon that has toroidal geometry. We will not consider the zero temperature compactified AdS case further, although we note that this identification acts on the extremal horizon of Poincare AdS to give a singularity. 4
C. Zero temperature energy bound
We may now briefly review a related previous result [19, 24] in our context. We begin considering finite temperature T > 0 and take Σ( ) to be deformations of a flat torus Σ(0). As discussed
where µ = 0, 1, 2, x µ = (t, x, y) and ηµν = diag(−1, 1, 1). The induced metric is then of our form above in equation (18) with z0 = 0 and = 1. The extremal horizon is the null hyperplane U = 0, and Poincare AdS is the portion U ≥ 0 of the quadric. Consider the translation x → x + L which is an element of the AdS SO(3, 2) isometry. This yields x ∼ x + L leads to an orbifold singularity on the extremal horizon.
above we assume the only bulk solution for flat boundary torus is toroidal AdS-Schwarzschild. As we deform in to a non-flat boundary ds 2 = −dt 2 + dΣ( ) 2 , we assume a smooth static bulk solution exists with the correct boundary geometry and ending on a toroidal Killing horizons with appropriate surface gravity fixed by the temperature. Such a static bulk solution obeys the neat relation,
whereR ab = R ab − 1 3 g ab R is the trace removed optical Ricci tensor. This identity has an interesting history. It is found (written in ADM rather than optical form) in the work of Robinson [25] and Lindblom [26] without cosmological constant and was extended to AdS space in [27] . It also appeared earlier in the work of Buchdahl [28] , which in turn followed from a result of Lanczos [29] which is closely related to the Gauss-Bonnet theorem, although at the time the authors of [27] were unaware of that work. Buchdahl writes the righthand side of the identity above as the square of the 4-tensor,
where we note that
αβµν | 2 . This quantity vanishes if and only if the metric (4) g µν is of constant curvature and hence, locally at least, Anti-de-Sitter spacetime. Thus only for such a spacetime is the inequality ∇ 2 R ≤ 0 saturated. Now assuming the existence of a smooth, static but not everywhere planar solution to the Einstein equations, we may integrate this relation over the optical geometry M and using the divergence theorem we find contributions from the components of ∂M, the boundary ∂M ∞ and any horizons, ∂M H k , so,
where dA a is the appropriate outward directed area element. Evaluating these using the results in section III A yields,
where S = N k=1 S H k is the total entropy (of all horizon components) and χ(H) = N k=1 χ(H k ) is the Euler characteristic of the union of all the bulk horizon components. Considering the zero temperature limit, T → 0, then provided the entropy is bounded, as we should expect, then we learn that E ≤ 0, and hence the energy is non-positive in this zero temperature limit. Since (given our assumed fermion boundary conditions) for the flat torus boundary the only dual solution is toroidal AdS-Schwarzschild, which limits to toroidal AdS at zero temperature, with zero energy, so we see in this case that ∆E ≤ 0 at zero temperature. Note that this is a non-perturbative statement in the deformation.
Does the bound give a useful result at finite temperature? Suppose the horizon has a single component which is toroidal, as for AdS-Schwarzschild. Then χ(H) = 0 and so we learn that F ≤ 0, so the free energy is non-positive. However since the finite temperature free energy of toroidal AdS-Schwarzschild is already negative, so F (0) ≤ 0, then this does not yield a bound for ∆F .
D. Finite temperature bound
As we shall now see, an interesting finite temperature bound on energetic differences will require somewhat more sophistication. As above we consider deforming the boundary metric Σ( ) away from a flat torus Σ(0), where the only (given our fermion boundary conditions) bulk solution is toroidal AdS-Schwarzschild, preserving both temperature, T , and boundary area. While we would hope to find a bound on ∆F ( ) in this case, here we will obtain a bound on the energy difference ∆E( ) instead, and also on certain 'generalised energies' defined as,
so that energy and free energy are the cases k = 0 and 1 respectively, and the generalised energy difference is defined as ∆F k = F k ( ) − F k (0). Indeed we obtain the finite temperature result,
under the assumption that a smooth bulk solution exists. We will make use of the techniques that Robinson used in proving uniqueness of asymptotically flat Schwarzschild [25] .
The idea that the boundary spatial deformations Σ( ) preserve area are a key part of this bound, and very much inspired by the free field energy bounds discussed above.
From our perspective, the fundamental issue with the bound in equation (24) above is that it is not saturated by AdS-Schwarzschild, but only by AdS itself. Hence we seek a similar identity, where a divergence of a quantity that integrates up to surface terms is related to terms of definite sign, and which vanish for toroidal AdS-Schwarzschild. In the asymptotically flat context, such a relation formed the backbone of Robinson's uniqueness argument. It is less clear our result will be useful in proving uniqueness of AdS-Schwarzschild on its own. In a sense it is quite the opposite.
Instead of telling us AdS-Schwarzschild is a unique bulk solution, rather it tells us that the bulk solution is not AdS-Schwarzschild when the boundary metric is non-flat. This freedom to deform the boundary metric changes the nature of the uniqueness problem, and any proof of uniqueness for AdS-Schwarzschild (such as [30] in the higher genus boundary cases) must specify the boundary metric to have an appropriate fixed geometry.
Two important components of Robinson's relation are that the spatial geometry of Schwarzschild is conformally flat, and that it is a cohomogeneity one metric. The same, of course, is true for toroidal AdS-Schwarzschild, and following Robinson we begin by defining the conformally invariant Cotton tensor R abc of the optical geometry;
This vanishes for a conformally flat optical geometry, such as that of toroidal AdS-Schwarzschild.
Using the bulk equations of motion, which in particular imply ∂ a R = 6 ZR ab ∂ b Z, and ∂ a Z 2 R = 6ZR ab ∂ b Z, we find the square of this, which is positive, is,
The consequence of toroidal AdS-Schwarzschild being a cohomogeneity one metric that we utilise is that it has a definite relation R = R(Z) given by equation (20) . Let us define a scalar function, Φ, on the optical geometry,
where H(Z) is the function on Z ≥ 0 chosen so that Φ vanishes for the toroidal AdS-Schwarzschild with temperature T . This is expressed most conveniently using the Schwarzschild coordinate z introduced in (18) , so Z(z) = z/ 1 − z 3 /z 3 0 with T = 3/(4πz 0 ) and then,
From this we define a covector field V a ,
which again vanishes for toroidal AdS-Schwarzschild, with temperature T , since then Φ = 0 and ∂ a Φ = 0. Then we take the function H(Z), and from it derive 3 functions A(Z), B(Z), C(Z) by solving the following system of differential equations;
and using these we define a covector field,
whose divergence, upon using the bulk Einstein equations together with these ODEs constraining A, B and C, can then be written as, 5
The purpose of introducing the various functions is twofold. Firstly if we can choose solutions of the ODE system so A(Z), C(Z) ≥ 0 for all Z ≥ 0 then the terms on the right-hand side have definite sign for any smooth bulk solution 6 , and this yields a bound ∇ a J a ≤ 0 which can be integrated over M to give a bound on surface terms,
where dA a is the outer directed area element. Secondly, it tailors the divergence ∇ a J a to vanish for toroidal AdS-Schwarzschild with temperature T , since then R abc = 0 and the function Φ and covector V a vanish by their construction. As a consequence the above bound on the surface terms is saturated for toroidal AdS-Schwarzschild with temperature T .
Let us now consider the solution to this ODE system, and the resulting surface terms from integrating ∇ a J a over M. Using the Schwarzschild coordinate z introduced in (18) , and defining the dimensionless µ = z/z 0 , the general solution to the ODE system for A, B and C above is,
5 One might be concerned that (∂aZ) 2 appears in the denominator of the first term on the right-hand side. However the term is regular when this vanishes as we see from equation (28) and the fact that ∂aR vanishes when ∂aZ does since ∂aR = 6 ZR ab ∂ b Z. 6 Note that since the system is linear in A, B and C, we may choose the sign to be positive without loss of generality.
for (dimensionless) integration constants a, b and c. Using these we may evaluate the surface terms due to the spacetime conformal boundary, arising in the optical geometry from ∂M ∞ , and the k-th spacetime horizon component, corresponding to ∂M H k . Since we are considering the temperature T to be fixed, we take all horizon components to have surface gravity corresponding to this temperature. We then obtain,
For smooth spatial boundary deformations Σ( ) the boundary metric topology is unchanged and being toroidal χ(Σ) will vanish. Since the ODEs are linear in A, B, C, we may take a = 1 without loss of generality. We do not wish to make any assumption about how many components of the bulk horizon there are, or their topology, so we choose the constant b as b = 
which encodes the remaining constant of integration c, and then the sum of boundary terms be-
where S is the total entropy from all the horizon components. We regard k as fixing the energetic quantity of interest -k = 0 giving energy, and k = 1 giving free energy. Then the question is whether we have A(Z), C(Z) ≥ 0 for all Z ≥ 0.
Near ∂M ∞ one finds, C(Z) = . This has the unfortunate consequence that we cannot find a bound in the case of the natural thermodynamic quantity, the free energy. However, for all 0 ≤ k ≤ 2 5 in fact the functions A(Z), C(Z) ≥ 0 for all Z ≥ 0. Explicitly we may write these as,
and over the domain Z ≥ 0, so 0 ≤ µ ≤ 1, we see each of the terms in the square brackets above is indeed positive provided k is in the range 0 ≤ k ≤ 2 5 . Then for these k we have A, C ≥ 0, and the bound (35) applies and from (40) yields,
Now for two key points in the argument:
• By construction this bound is saturated for the toroidal AdS-Schwarzschild solution with temperature T and boundary Σ(0).
• Our family of spatial boundary metrics have fixed area A(Σ( )) = A(Σ(0)).
The first point implies
3 A(Σ(0)), recalling that we chose boundary conditions that exclude the AdS-soliton so that the only solution for the flat boundary torus is AdSSchwarzschild. Then combining it with the second implies,
and we obtain our result stated earlier in equation (26) . The main assumption underlying this bound is that some smooth static bulk solution exists with the prescribed spatial boundary geometry Σ( ). We emphasise that no assumption concerning the number, or topology of bulk horizon components has been made, only that they are smooth Killing horizons with a common surface gravity determined by the temperature.
The fact that the bound is independent of the nature of bulk horizons follows from our choice of b above. We note that if instead of that choice, we take b = 0, then one finds A(Z), C(Z) ≥ 0 for all Z ≥ 0 over the larger range 0 ≤ k ≤ 
IV. SUMMARY AND DISCUSSION
For a flat torus boundary metric a 4-dimensional bulk solution to gravity plus negative cosmological constant is toroidal AdS-Schwarzschild. We have shown that if we deform the spatial boundary metric away from being flat, preserving staticity, and keeping temperature and spatial area fixed, then assuming a static bulk solution exists with the correct conformal boundary, its energy is less than that of the original undeformed toroidal AdS-Schwarzschild. In fact its 'generalised energy',
behaves similarly, although this result does not extend to the free energy case k = 1.
Let us reconsider the holographic interpretation of this result. The pure gravity plus cosmological constant is the 'universal sector' of holographic CFTs (described by usual two-derivative bulk gravity theories). At finite temperature with a flat torus boundary, periodic fermion boundary conditions about the torus cycles, and no other sources for operators turned on, the CFT equilibrium thermal state is dual to toroidal AdS-Schwarzschild. Hence we may translate the gravitational bound to the holographic statement that for a 3-dimensional holographic CFT on a deformed spatial torus with periodic fermion boundary conditions and no other marginal or relevant deformations turned on, the equilibrium thermal state has generalised energy (for 0 ≤ k ≤ 2/5) less than that of the CFT at the same temperature on a flat torus of the same area. Taking the area of the torus to be very large, while holding the temperature and scale of the metric deformation fixed, this result indicates the (generalised) energy for deformations of infinite flat space is less than that of flat space, where the fixed area condition in infinite volume becomes the requirement that the area functional is invariant under the deformation, ie.
This result extends the explicit calculations of [2] for the quadratic variation of free energy (and energy as discussed here) of 3-dimensional holographic CFTs. Our results here show that the decrease in energy seen perturbatively in that work is in fact non-perturbative in the metric for 3-dimensional holographic CFTs -flat space globally maximises energy at fixed temperature when preserving area. This would be a remarkable statement to be able to make in field theory -it is difficult to imagine making such a claim even in free field theory, where understanding the perturbative quadratic variation of energy is straightforward, but moving to higher perturbative orders or full non-perturbative results becomes very challenging technically. This is an example of where very powerful results in curved spacetime field theory can be derived in the holographic context [15] .
We have until now assumed periodic boundary conditions for bulk fermion fields so that for the flat toroidal boundary the AdS-soliton is not an admissible solution. This has simplified the discussion, but is not strictly necessary. Suppose now we relax the requirement on the boundary conditions. Then at sufficiently low temperature the AdS-soliton may dominate the bulk partition function as a saddle point, having lower free energy than that of the toroidal AdS-Schwarzschild.
positive A(Z) and C(Z). It would be interesting to understand how the energy of the soliton varies as its boundary metric is deformed.
An important concern is that for substantial metric deformations perhaps a new bulk black hole solution exists with lower free energy, outside the universal sector (ie. involving condensation of some other bulk fields, or non-trivial configurations on an internal space), and it is this that dominates the partition function. Had the bound we found been for the free energy, rather than the energy, then we could be confident that even if this occurred, the free energy of the true vacuum would still obey our bound, since if for the thermal state in the universal sector the free energy is less than that for flat torus boundary, then it would have to be true for the true vacuum too, as to dominate it would have to have an even lower free energy. However this argument cannot be made in our case for the energy (or the generalised energies F k ) since it is in principle possible to have a true vacuum bulk solution with lower free energy but higher energy than the thermal vacuum state in the universal sector.
Clearly it would be good to be able to prove a bound for the free energy rather than the energy (or range of generalised energies we have here). Given the relatively complicated construction of the proof, and since we are able to obtain bounds for the generalised energies up to k = 2/5 we feel it is likely that by modifying the proof an improvement in the range of k could be achieved. One possible direction would be a more general version of the starting point in equation (33) as recently explored in the asymptotically flat setting [31] . The intuition from free field theory suggests that a gravitational upper bound could be found for the thermal equilibrium free energy, at least in the infinite volume limit. However there is an important caveat. Our bound states that the generalised energy of a solution with deformed boundary torus is not greater than that of AdS-Schwarzschild for the same boundary area and temperature. However, for free energy this obviously fails even for the flat torus at high temperatures (relative to the torus size) as the soliton exists as a solution but precisely fails to be the dominant saddle point in the partition function as it has greater free energy than that of AdS-Schwarzschild. Considering the generalised energy F k = E − k T S, one finds that for k ≥ 2 3 the soliton has a larger value than that of AdS-Schwarzschild at sufficient temperature. For such values of k then clearly we cannot have a bound stating the generalised energy of any bulk solution is always less than that of AdS-Schwarzschild. Rather we might hope to prove there exists some bulk solution with generalised energy less than that of AdS-Schwarzschild. Thus in order to extend beyond k = 2 3 , towards the case of free energy, an essential part of the argument would have to be changed. Perhaps a bound might hold for solutions which necessarily have some bulk horizon, or more specifically a toroidal horizon. Alternatively a bound might only apply for infinite volume.
The bound we have reached is of a rather novel type for black holes. In asymptotically flat space static black holes are rigid in the sense that there is typically a unique solution. In the case of AdS asymptotics, the freedom to deform the boundary geometry leads to a much richer structure of static black hole solutions and we can regard our bound as a restriction on the behaviour of such families. It is worth emphasising that it is quite different in spirit to energy bounds that apply to different interior solutions with a fixed conformal boundary geometry (such as, for example [30, 32] where the boundary spatial geometry has constant curvature).
Finally we emphasise an important point in this work has been the observation that it is natural to fix both temperature and spatial boundary area as we deform the boundary metric. Another is that the renormalised energy one obtains from holographic renormalisation is independent of counterterm ambiguities for the case of 4-dimensional solutions (although it is not for higher dimensions). For these observations the intuition gained from the behaviour of free field theory at finite temperature on deformed spaces was crucial. It is fascinating that, via AdS-CFT, we may discover entirely new results in black holes physics starting from free field theory considerations.
